With the "bouncing photon" treatment, the gauge invariance of the response function of interferometers to scalar gravitational waves (SGWs) has been recently demonstrated in its full frequency dependence in three different gauges well known in literature, while in previous works such invariance was only proved in the low frequencies approximation. After a review of scalar tensor theories of gravity, in this paper the analysis of the response function to SGWs is generalized in the full angular and frequency dependences and directly in the gauge of the local observer, which is the gauge of a laboratory environment on Earth. The result is used to analyse the cross-correlation between the two LIGO interferometers in their advanced configuration for a potential detection of a stochastic background of SGWs and to release a lower bound for the integration time of such detection. A comparison between the response function introduced in this paper and previous low-frequency approximated ones is also performed. Because the lower bounds result very long, we hope in the LISA interferometer and in a further growth in the sensitivity of advanced projects.
Introduction
Detectors for GWs will be important for a better knowledge of the Universe and also to confirm or ruling out the physical consistency of General Relativity or of any other theory of gravitation [2] - [12] . This is because, in the context of Extended Theories of Gravity, some differences between General Relativity and the others theories can be pointed out starting by the linearized theory of gravity [13] - [19] . In this picture, detectors for GWs are in principle sensitive also to a hypothetical scalar component of gravitational radiation, that appears in extended theories of gravity like scalar-tensor gravity and high order theories [13] - [19] .
With the "bouncing photon" analysis (see figure 1) in [13] the gauge invariance of the response function of interferometers to SGWs has been demonstrated in three different gauges well known in literature and for all the frequencies of SGWs, while in previous works this gauge invariance was only proved in the low frequencies approximation, see for example [16] . In this paper, after a review of scalar tensor theories of gravity, which is due to provide a context to bring out the relevance of the results, the analysis of the response function for SGWs is generalized in the full angular and frequency dependences and directly in the gauge of the local observer, which is the gauge of a laboratory environment on Earth. The result is used to analyse the cross-correlation between the two LIGO interferometers in their advanced configuration for a potential detection of a stochastic background of SGWs and to release a lower bound for the integration time of such detection. A comparison between the response function introduced in this work and previous low-frequency approximated ones is also performed. Because the lower bounds result very long, we hope in the LISA interferometer and in a further growth in the sensitivity of advanced projects.
A review of scalar gravitational waves from scalar-tensor theories of gravity
If the gravitational Lagrangian is not linear in the curvature invariants the Einstein field equations have an order higher than second [2] - [19] . For this reason, such theories are often called higher-order gravitational theories. In the most general case they arise from the action [13] 
where F is an unspecified function of curvature invariants and of a scalar field φ and the symbol is the D'Alembertian operator. The term L m is the minimally coupled ordinary matter contribution.
In scalar-tensor theories of gravity both of the metric tensor g µ and a fundamental scalar field φ are involved [12, 13, 16, 17, 18, 19, 23, 24] . Their action can be recovered from eq. (1) with the choice [13] F (R, φ) = f (φ)R − V (φ) and ǫ = −1 .
Considering the choice (2), the most general action of scalar-tensor theories of gravity in four dimensions is given by [13, 17] 
Choosing
eq. (3) reads
which is a generalization of the Brans-Dicke theory [23] . By varying the action (5) in respect to g µν and to the scalar field ϕ the field equations are obtained:
with associated a Klein -Gordon equation for the scalar field
We emphasize that in this paper natural units are used: G = 1, c = 1 and = 1.
In the above equations T
(m)
µν is the ordinary stress-energy tensor of the matter andG is a dimensional, strictly positive, constant [13] . The Newton constant is replaced by the effective coupling
which is, in general, different from G. General Relativity is obtained when the scalar field coupling is
The case in which it is ω = const. in eqs. (6) and (7) is the string-dilaton gravity [13, 16, 31] . If one wants to study gravitational waves, the linearized theory in vacuum (T (m) µν = 0) with a little perturbation of the background has to be analyzed. The background is assumed given by the Minkowskian background plus ϕ = ϕ 0 and ϕ 0 is also assumed to be a minimum for W [13] :
Putting
and, to first order in h µν and δϕ, if one calls R µνρσ , R µν and R the linearized quantity which correspond to R µνρσ , R µν and R, the linearized field equations are obtained [13] :
where
The case in which it is ω = const. and W = 0 in eqs. (6) and (7) is the analogous of the Brans-Dicke theory [23] . For a sake of simplicity, we will analyse such a case.
Then, the linearized field equations become
Let us puth
with h ≡ η µν h µν , where the inverse transform is the same
By putting the first of eqs. (16) in the first of the field eqs. (14) we get
Now, let us consider the gauge transform (Lorenz condition)
with the condition ǫ ν = ∂ µh µν for the parameter ǫ µ . We have
and, omitting the ′ , we can rewrite the field equations like
solutions of eqs. (20) are plan waves:
Thus, in eqs. (20) and (22) the equation and the solution for the tensorial waves exactly like in General Relativity (ref. [24] ) have been obtained, while eqs. (21) and (23) are respectively the equation and the solution for the scalar massless mode.
The solutions (22) and (23) take the conditions
which arises respectively from the field equations and from eq. (19) . The first of eqs. (24) shows that perturbations have the speed of light, the second gives the transverse effect of the tensorial components.
Fixed the Lorentz gauge another transformation with ǫ µ = 0 can be performed; let us take
which is permitted because ξ = 0 = h . One gets
i.e. h µν is a transverse plane wave too. One can also see that the gauge transformations
save the conditions
Consider a wave incoming in the positive z direction it is
and the second of eqs. (24) implies
Now let us compute the freedom degrees of A µν . We was started with 10 components (A µν is a symmetric tensor); 3 components have been lost for transverse effect, more, the condition (26) reduces the component to 6. One can take A 00 , A 11 , A 22 , A 21 , A 31 , A 32 like independent components; another gauge freedom is present [13] , and it can put to zero three more components (i.e. one can only chose three of ǫ µ , the fourth component depends from the others by ∂ µ ǫ µ = 0). Then, taking
the transform law for A µν is (see eqs. (18) and (22) )
Thus, for the six components of interest
The physical components of A µν are the gauge-invariants A 11 , A 22 and A 21 , thus one can choseǫ ν to put equal to zero the others.
The scalar field is obtained by eq. (26):
Now, defining Φ ≡ −ξ, the total perturbation of a gravitational wave incoming in the z+ direction in this gauge is
µν .
The term A
µν describes the two standard (i.e. tensorial) polarizations of gravitational waves which arises from General Relativity in the TT gauge [24] , while the term
µν is the extension of the TT gauge to the scalar case.
For a purely scalar GW the metric perturbation (35) reduces to
and the correspondent line element is [13] 
In other words, in scalar-tensor theories of gravity, the scalar field generates a third polarization for gravitational waves. In the analyzed case three different freedom degrees are present, differently from the standard case of General Relativity, where the freedom degrees for gravitational waves are two [24] 3 Analysis in the gauge of the local observer
As the potential detection of GWs is performed in a laboratory environment on Earth, the coordinate system in which the space-time is locally flat is typically used and the distance between any two points is given simply by the difference in their coordinates in the sense of Newtonian physics [13, 24, 25] . In this gauge, called the gauge of the local observer, SGWs manifest themselves by exerting tidal forces on the masses (the mirror and the beam-splitter in the case of an interferometer, see figure 1) .
A detailed analysis of the gauge of the local observer is given in ref. [24] , sect. 13.6. Here we recall only the more important features of this gauge: the time coordinate x 0 is the proper time of the observer O; spatial axes are centred in O; in the special case of zero acceleration and zero rotation the spatial coordinates x j are the proper distances along the axes and the frame of the local observer reduces to a local Lorentz frame: in this case the line element reads 
where R i 0k0 are the components of the linearized Riemann tensor [24] . Recently, Capozziello and Corda [13] have shown that the response of an interferometer to SGWs is invariant in three different gauges well known in literature and for all frequencies of SGWs, while in previous literature this gauge invariance was only proved in the long wavelength approximation [16] . In [13] , the angular pattern of interferometers was computed in the TT gauge, while in this paper it is computed in the full angular and frequency dependences directly in the gauge of the local observer. An analysis similar to the one in refs. [13, 25] will be used. We emphasized that such an analyses has been performed for the first time in [25] , but it has been strongly generalized to angular dependences and massive waves in [13] .
In the gauge of the local observer, two different effects have to be considered in the calculation of the variation of the round-trip time for photons. This works in analogy with the cases in refs. [13, 25] where the effects considered were three, but the third effect vanishes putting the origin of the coordinate system in the beam splitter of the interferometer. Then equations (74) and (75) in [13] , that represent the variations of the coordinates of the mirror of the interferometer in presence of a SGW, can be rewritten in the frame of the local observer as
and
Eqs. (40) and (41) 
For the gauge invariance of the linearized Riemann tensor [24] , eqs. (42) and (43) can be obtained directly from the TT gauge of eq. (37) .
To compute the response function for an arbitrary propagating direction of the SGW one recalls that the arms of the interferometer are in the − → u and − → v directions, while the x, y, z frame is adapted to the propagating SGW. For a better definition of the x, y, z frame we can write, to first order in Φ, the coordinate transformation x α = x α (x β tt ) from the TT coordinates (here labelled t tt , x tt , y tt , z tt ) to the frame of the local observer as [32] 
Then, a spatial rotation of the coordinate system has to be performed:
or, in terms of the x, y, z frame:
In this way, the SGW is propagating from an arbitrary direction − → r to the interferometer (see figure 2) . Assuming that the mirror of eqs. (40) and (41) is situated in the u direction, if one uses eqs. (45), (46), (40) and (41), the u coordinate of the mirror is
where A good way to analyse variations in the proper distance (time) is by means of "bouncing photons" (see [13, 25] and figure 1) .
In this Section, a photon which propagates in the u axis is considered, but, in next Section, the analysis will be almost the same for a photon which propagates in the v axis.
Putting the origin of the coordinate system in the beam splitter of the interferometer and using eq. (47), the unperturbed coordinates for the beam-splitter and the mirror are u b = 0 and u m = L. Thus, the unperturbed propagation time between the two masses is
From eq. (47) the displacements of the two masses under the influence of the SGW are
In this way, the relative displacement, which is defined by
gives
But, for a large separation between the test masses (in the case of Virgo the distance between the beam-splitter and the mirror is three kilometers, four in the case of LIGO), the definition (52) for relative displacements becomes unphysical because the two test masses are taken at the same time and therefore cannot be in a casual connection [13, 25] . The correct definitions for the bouncing photon are
where T 1 and T 2 are the photon propagation times for the forward and return trip correspondingly. According to the new definitions, the displacement of one test mass is compared with the displacement of the other at a later time to allow a finite delay for the light propagation [13, 25] . The propagation times T 1 and T 2 in eqs. (54) and (55) can be replaced with the nominal value T because the test mass displacements are already first order in Φ [13] . Thus, the total change in the distance between the beam splitter and the mirror, in one round-trip of the photon, is (56) and in terms of the amplitude of the SGW:
The change in distance (57) leads to changes in the round-trip time for photons propagating between the beam-splitter and the mirror:
4 Effect of curved spacetime
In the last calculation (variations in the photon round-trip time which come from the motion of the test masses inducted by the SGW), we implicitly assumed that the propagation of the photon between the beam-splitter and the mirror of the interferometer is uniform as if it were moving in a flat space-time. But, the presence of the tidal forces indicates that the space-time is curved [13, 25] . As a result one more effect after the first discussed has to be considered, which requires spacial separation [13, 25] .
From equations (42), (43), (45) and (46) the tidal acceleration of a test mass caused by the SGW in the u direction is
Equivalently one can say that there is a gravitational potential [13, 24, 25] :
which generates the tidal forces, and that the motion of the test mass is governed by the Newtonian equation
For the second effect, the interval for photons propagating along the u -axis can be written like
The condition for a null trajectory, i.e.ds = 0, gives the coordinate velocity of the photons
which, to first order in Φ, is approximated by
with + and − for the forward and return trip respectively. Knowing the coordinate velocity of the photon, the propagation time for its travelling between the beam-splitter and the mirror can be defined:
The calculations of these integrals would be complicated because the u m boundaries of them are changing with time:
But, to first order in Φ, these contributions can be approximated by δL 1 (t) and δL 2 (t) (see eqs. (54) and (55)). Thus, the combined effect of the varying boundaries is given by δ 1 T (t) in eq. (58). Then, only the times for photon propagation between the fixed boundaries 0 and L have to be computed. Such propagation times will be indicated with ∆T 1,2 to distinguish from T 1,2 . In the forward trip, the propagation time between the fixed limits is
where t ′ is the delay time (i.e. t is the time at which the photon arrives in the position L, so L − u = t − t ′ ) which corresponds to the unperturbed photon trajectory:
Similarly, the propagation time in the return trip is
where now the delay time is given by
The sum of ∆T 1 (t − T ) and ∆T 2 (t) gives the round-trip time for photons travelling between the fixed boundaries. Then, the deviation of this round-trip time (distance) from its unperturbed value 2T is
and, using eq. (60),
Thus, the total round-trip proper time in presence of the SGW is:
is the total variation of the proper time for the round-trip of the photon in presence of the SGW in the u direction.
Using eqs. (58), (72) and the Fourier transform of Φ defined by
the quantity (74) can be computed in the frequency domain as
In the above computation, the derivative and translation theorems on the Fourier transform have been used. In this way, using eq. (48), the response function of the u arm of the interferometer to the SGW is obtained
which is the same result of equation (148) in [13] , where the computation has been performed in TT gauge.
Computation for the v arm
The computation for the v arm is similar to the one above. The coordinate of the mirror in the v arm is:
Thus, with an analysis similar to the one of previous Sections, the variation in the photon round-trip time which comes from the motion of the beam-splitter and the mirror in the v direction is:
while the second contribution (propagation in a curved spacetime) is
Then, the total response function in the v direction for the SGWs is
which is exactly the result (149) in [13] where the computation has been made in the TT gauge.
The total response function
The total response function is given by the difference of the two response functions of the two arms:
and, using eqs. (79) and (84), one gets
This equation gives exactly the total response function (150) in [13] where the computation has been made in the TT gauge. Thus, the gauge invariance between the gauge of the local observer and the TT gauge for the total angular and frequency dependences of the response function of an interferometer has been proved, improving the result in [13] , where the gauge invariance was shown only in its simplest geometric configuration (propagation of the SGW perpendicular to the two arms).
Eq. (86) is also in perfect agreement with the detector pattern in [16] and [31] in the low frequencies limit:
7 The signal to noise ratio in the two antennas correlation for the detection of a stochastic background of scalar waves
Let us consider a stochastic background of SGWs (see [16, 22, 30, 33] and [26] - [29] ). It can be descripted in terms of the scalar field Φ and characterized by a dimensionless spectrum (an analogous definition exists for tensorial waves, see [26] for example)
is the (actual) critical density energy of the Universe [16, 22, 30, 33] and [26] - [29] .
Interacting with a stochastic background, the complex Fourier amplitudeΦ can be treated as a random variable with zero mean value in a way similar to in the Fourier domain [26, 33] . By assuming that the stochastic background is isotropic and stationary, the ensemble average of the product of two Fourier amplitudes can be written as
whereΩ is a unit vector specifying the propagation direction, and, using the explicit definition of the spectrum (88) [26, 33] ,
The optimal strategy for a potential detection of a stochastic background requires the cross correlation of at last two detectors with uncorrelated noises n i (t), i = 1, 2 [26, 33] . Given the two outputs over a total observation time T ,
a "signal" S can be constructed:
where Q is a suitable filter function, usually chosen to optimize the signal to noise ratio (SNR) [26, 33] 
In the above equation ∆S is the variance of S. By assuming that the observation time is much larger than the temporal distance between the two detectors for which Q is not zero, in the frequency domain it is
where θ(f ) is the Heaviside step function and γ(f ) the so -called overlap reduction function defined in [34] and adapted to scalar waves following [22, 33] .
For the computation of the variance, one assumes that, in each detector, the noise is much greater than the strain due to SGWs, obtaining
where P i (|f |) is the one-sided power spectral density of the i detector [26, 33] . Introducing the inner product
the squared SNR can be rewritten as
The above ratio is maximal for
and with this optimal choice the signal to noise ratio becomes
8 The generalized overlap reduction function for the advanced LIGO-LIGO correlation
The overlap reduction function for SGWs has been used in [16, 22, 33] starting by its definition for tensorial waves in [34] . The expression
can be used, where − → r 12 is the distance between the two detectors and H i (f ) the angular pattern of the i detector (i = 1, 2) [16, 22, 33] In literature, the low frequencies approximation angular pattern (87) has been used in the computation of the overlap reduction functions for stochastic backgrounds of SGWs [16, 33] . Now, the analysis will be improved with the aid of the frequency dependent angular pattern (86). Putting the origin of the coordinate system in the LIGO site in Hanford it is X ≡ d{cos(φ 1 − φ)(− sin θ 1 + cos θ 1 (cos φ 1 + sin φ 1 ))· (− sin θ + cos θ(cos φ + sin φ)) + (cos θ 1 + sin θ 1 (cos φ 1 + sin φ 1 ))
with d = 2997.9Km. For the position and orientation of the two LIGO sites ref. [36] has been used.
In figure 3 the absolute value of the overlap reduction function (102) is drawn in the frequency-range of Earth based interferometers that is the interval 10Hz ≤ f ≤ 1KHz.
In the figure the value of the overlap reduction function of the two LIGO interferometers for SGWs appears low, thus, in principle, we need a long integration time to improve the SNR. A lower bound for the integration time of a potential detection will be computed in next Section. This lower bound for the integration time corresponds to an upper bound for the specific SNR of the cross-correlation between the two advanced LIGO.
9 The specific signal to noise ratio for scalar waves in the two advanced LIGO interferometers
For the computation of the SNR (100) the analytical fit of [37] for the noise spectral density of advanced LIGO is used:
where P 0 = 6 · 10 −49 Hz −1 , f 0 = 215Hz and f s = 20Hz. The spectrum of stochastic backgrounds is flat in the frequency-range of Earth based interferometers while it is well known that WMAP observations put strongly severe restrictions on the same spectrum [20, 21, 30, 35, 38] and [26] - [29] . In fig. 4 we map the spectrum Ω sgw choosing the amplitude (determined by the ratio [20, 21, 30, 35, 38] ) to be as large as possible, consistent with the WMAP constraints [20, 21, 30, 35, 38] . The inflationary spectrum rises quickly at low frequencies (wave which re-entered in the Hubble sphere after the Universe became matter dominated) and falls off above the (appropriately redshifted) frequency scale f max associated with the fastest characteristic time of the phase transition at the end of inflation. The amplitude of the flat region depends on the energy during the inflationary stage [20, 21, 30, 35, 38] . Because WMAP data are consistent with a maximum inflationary scale M inl = 2 · 10 16 GeV [20, 21, 30, 35, 38] , this means that today, at LIGO and LISA frequencies, indicate by the arrows in fig. 4 ,
Using equations (100), (102), (104) and (105) the cross-correlation needs a time of ∼ 8 * 10 5 years in order to obtain (SN R) = 1. We emphasize that the assumption that all the scalar perturbation in the Universe are due to a stochastic background of SGWs is quit strong, but the result can be considered like a lower bound for the integration time.
To better understand the difference between the response function of this paper and previous low-frequency approximated one a brief comparison is now performed.
In the computation of the time that the cross-correlation needs to obtain (SN R) = 1 one can replace the response function (86) with the approximate one (87) in eq. (100). Integrating in all the frequency range of Earth based interferometers, the underestimated time ∼ 3 * 10 5 years is obtained (see [20] ). This is because the correct response function (86) drives the overlap reduction The spectrum of relic SGWs in inflationary models is flat over a wide range of frequencies. The horizontal axis is log 10 of frequency, in Hz. The vertical axis is log 10 Ω gsw . The inflationary spectrum rises quickly at low frequencies (wave which rentered in the Hubble sphere after the Universe became matter dominated) and falls off above the (appropriately redshifted) frequency scale f max associated with the fastest characteristic time of the phase transition at the end of inflation. The amplitude of the flat region depends on the energy during the inflationary stage; we have chosen the largest amplitude consistent with the WMAP constrains on scalar perturbations. This means that at LIGO and LISA frequencies, Ω sgw (f )h 2 100 < 9 * 10 −13 . Adapted from C. Corda -Primordial production of massive relic gravitational waves from a weak modification of general relativity -Astropart. Phys. 30, 4, 209-215 (2008) 
Conclusions
With the "bouncing photon" analysis, in [13] the gauge invariance of the response of an interferometer to SGWs has been recently demonstrated in three different gauges well known in literature and for all the frequencies of SGWs, while in previous literature this gauge invariance was only shown in the long wavelength approximation. In this paper the analysis of the response function for SGWs has been generalized in the full angular and frequency dependences and directly in the gauge of the local observer, which is the gauge of a laboratory environment on Earth. The result has been used to analyse the cross-correlation between the two LIGO interferometers in their advanced configuration for a potential detection of a stochastic background of SGWs and to release a lower bound for the integration time of a potential detection. A comparison between the new response function and previous low-frequency approximated ones has also been performed. Because the lower bounds result very long, for a detection we hope in the LISA interferometer and in a further growth in the sensitivity of advanced projects.
